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MEAN PROXIMALITY AND MEAN LI-YORKE CHAOS
FELIPE GARCIA-RAMOS AND LEI JIN
Abstract. We prove that if a topological dynamical system is mean sensitive and contains
a mean proximal pair consisting of a transitive point and a periodic point, then it is mean
Li-Yorke chaotic (DC2 chaotic). On the other hand we show that a system is mean proximal
if and only if it is uniquely ergodic and the unique measure is supported on one point.
1. Introduction
In the study of topological dynamical systems different versions of chaos, which represent
complexity in various ways, have been defined and studied. Some properties that are con-
sidered forms of chaos are positive entropy, topological mixing, Devaney chaos, and Li-Yorke
chaos. The relationship among them has been one of the main interests of this topic. Solv-
ing open questions Huang and Ye [15] proved that Devaney chaos implies Li-Yorke chaos;
and Blanchard, Glasner, Kolyada and Maass [3] showed that positive entropy also implies
Li-Yorke chaos. It is also known that topological weak mixing implies Li-Yorke chaos [16].
For all the other implications among these notions there are counterexamples.
Many of the classical notions in topological dynamics have an analogous version in the
mean sense (e.g. mean sensitivity, mean equicontinuity, and mean distality [19, 12, 6, 22]).
In a similar way mean forms of Li-Yorke chaos, also known as distributional chaos (DC) have
been defined and studied [23, 5]. A nice generalization proved by Downarowicz [5] says that
positive topological entropy implies mean Li-Yorke chaos, which strengthens the result of [3].
It was also mentioned in [5] that mean Li-Yorke chaos is equivalent to the so-called chaos
DC2 which was first studied for interval systems in [23]. In our present paper, we would like
to use the former terminology (i.e. calling it mean Li-Yorke). Mean Li-Yorke chaos does not
imply positive entropy (see e.g., [9, 11] for details). For related topics we also recommend
[4, 20].
Besides positive topological entropy we do not know of any other condition that implies
mean Li-Yorke chaos. Oprocha showed that Devaney chaos does not imply mean Li-Yorke
chaos [21]. Furthermore there are topologically mixing systems with dense periodic points
and no mean Li-Yorke pairs [3].
Motivated by the ideas and results above, we ask if there is some strong form of Devaney
chaos (“mean Devaney chaos” one could say), that is stronger than mean Li-Yorke chaos.
We show that with mean sensitivity and a stronger relationship between transitivity and
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periodicity we can obtain mean Li-Yorke chaos. As a consequence of this result we show that
it is easy to construct subshifts with dense mean Li-Yorke subsets.
We also characterize mean proximal systems, which are a subclass of the classic proximal
systems. It is known that a system is proximal if and only if its unique minimal subset is a
fixpoint [2]. Among other characterizations we show that a system is mean proximal if and
only if its unique invariant measure is a delta measure on a fixpoint x0. As a corollary we
also obtain that mean proximal systems contain no mean Li-Yorke pairs.
We recall some necessary definitions in the following. By a topological dynamical system
(TDS, for short), we mean a pair (X,T ), where X is a compact metric space with the metric
d, and T : X → X is continuous.
Let (X,T ) be a TDS. A point x ∈ X is called a transitive point if its orbit is dense in X,
i.e., {T nx : n ≥ 0} = X; and called a periodic point of period n ∈ N if T nx = x but T ix 6= x
for 1 ≤ i ≤ n− 1.
A pair (x, y) ∈ X ×X is said to be proximal if
lim inf
n→∞
d(T nx, T ny) = 0.
Given η > 0, a pair (x, y) ∈ X ×X is called a Li-Yorke pair if (x, y) is proximal and
lim sup
n→∞
d(T nx, T ny) > 0.
A subset S ⊂ X is called a Li-Yorke set (or a scrambled set) if every pair (x, y) ∈ S × S of
distinct points is a Li-Yorke pair. We say that (X,T ) is Li-Yorke chaotic if X contains an
uncountable Li-Yorke subset. It was shown in [8] that Li-Yorke sets have measure zero for
every invariant measure.
We say that (X,T ) is sensitive, if there exists δ > 0 such that for every x ∈ X and every
ǫ > 0, there is y ∈ B(x, ǫ) satisfying
lim sup
n→∞
d(T nx, T ny) > δ.
Originally a TDS was defined to be Devaney chaotic if it is transitive, sensitive, and has
dense periodic points (it was shown later that the sensitivity hypothesis can be removed). As
we noted Devaney chaos implies Li-Yorke chaos [15].
Now we define the equivalent “mean” forms.
A pair (x, y) ∈ X ×X is said to be mean proximal if
lim inf
n→∞
1
n
n−1∑
i=0
d(T ix, T iy) = 0.
A TDS (X,T ) is mean proximal if every pair (x, y) ∈ X × X is mean proximal. Note
that when studying invertible TDS this property is known as the so-called “forward mean
proximal” [7, 22].
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Given η > 0, a pair (x, y) ∈ X × X is called a mean Li-Yorke pair (with modulus η) if
(x, y) is mean proximal and
lim sup
n→∞
1
n
n−1∑
i=0
d(T ix, T iy) (≥ η) > 0.
A subset S ⊂ X is called a mean Li-Yorke set (with modulus η) if every pair (x, y) ∈ S×S
of distinct points is a mean Li-Yorke pair (with modulus η). We say that (X,T ) is mean
Li-Yorke chaotic if X contains an uncountable mean Li-Yorke subset.
We say that (X,T ) is mean sensitive if there exists δ > 0 such that for every x ∈ X and
every ǫ > 0, there is y ∈ B(x, ǫ) satisfying
lim sup
n→∞
1
n
n−1∑
i=0
d(T ix, T iy) > δ.
Next we turn to introducing a new version of chaos. Our aim is to add something to the
version of Devaney chaos such that the chaos in the new sense implies mean Li-Yorke chaos.
It is worth mentioning that there are Devaney chaotic examples (even with positive entropy)
that are not mean sensitive [13]. So the first extra hypothesis we add is mean sensitivity.
Now, by observing that if a TDS is Devaney chaotic then we can find a periodic point and
a transitive point such that they are proximal, we consider the stronger condition: “there
exists a mean proximal pair which consists of a periodic point and a transitive point”. Indeed,
this condition together with the mean sensitivity is enough, and we do not need the dense
periodic points.
Theorem 1.1. If a TDS (X,T ) is mean sensitive and there is a forward mean proximal pair
of X ×X consisting of a transitive point and a periodic point, then (X,T ) is mean Li-Yorke
chaotic; more precisely, there exist a positive number η and a subset K ⊂ X which is a union
of countably many Cantor sets such that K is a mean Li-Yorke set with modulus η.
As an application of this result we show that with this condition it is easy to construct
mean Li-Yorke chaotic systems. See Example 2.1.
Another aim of this paper is to characterize mean proximal systems using mean asymptotic
pairs. For a TDS (X,T ), we say that a pair (x, y) ∈ X ×X is asymptotic if
lim
n→∞
d(T nx, T ny) = 0,
and we say that (x, y) ∈ X ×X is mean asymptotic if
lim
n→∞
1
n
n−1∑
i=0
d(T ix, T iy) = 0.
A TDS is mean asymptotic if every pair (x, y) ∈ X ×X is mean asymptotic.
It is known that proximal systems (i.e., systems (X,T ) satisfying that every pair (x, y) ∈
X × X is proximal) may have no asymptotic pairs [18, Theorem 6.1] (and hence it may
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happen that every pair is a Li-Yorke pair). However for mean proximal systems it will be
completely different, see Corollary 1.1.
Clearly, mean proximal pairs are proximal (hence mean proximal systems are proximal),
but not vice-versa; while asymptotic pairs are mean asymptotic, but not vice-versa. Thus, a
priori, we have the following implications (both for pairs and for systems):
asymptotic⇒ mean asymptotic⇒ mean proximal⇒ proximal.
The next theorem reverses the central implication for systems.
We denote by M(X,T ) the set of all T -invariant Borel probability measures on X. Given
a set Y, we denote the diagonal in the product space as ∆Y := {(y, y) : y ∈ Y }.
Theorem 1.2. Suppose that (X,T ) is a TDS. Then the following are equivalent:
(1) (X,T ) is mean proximal.
(2) (X,T ) is mean asymptotic.
(3) Every measure λ ∈M(X ×X,T × T ) satisfies λ(∆X) = 1.
(4) (X,T ) is uniquely ergodic and the unique measure of M(X,T ) is a delta measure δx0
on a fixed point x0 (the unique fixed point).
(5) (X ×X,T × T ) is mean proximal.
As we mentioned before proximal systems may have no asymptotic pairs; thus on one
hand the situation for mean proximal systems is very different. Nonetheless, the implications
1) ⇔ 4) provides a measure theoretic analogy of a characterization of proximal systems: a
system is proximal if and only if its unique minimal subset is a fixpoint x0 [2] (note that
in this case invariant measures other than δx0 are possible). Mean proximality is a stronger
condition: the fixpoint supports a unique invariant measure.
In particular, we also have the following corollary.
Corollary 1.1. If (X,T ) is a mean proximal system, then (X,T ) has no mean Li-Yorke
pairs.
This paper is organized as follows. In Section 2, we prove Theorem 1.1. In Section 3, using
measure-theoretic tools, we focus on mean proximal pairs; we provide a proof of Theorem
1.2.
Acknowledgements: We would like to thank professors Wen Huang and Xiangdong Ye for
useful comments and very helpful suggestions concerning this paper. The first author would
like to thank the dynamical systems group at the University of Science and Technology of
China (in particular Yixiao Qiao and Jie Li ) for their hospitality. We also thank the referee
for the provided suggestions, in particular for very helpful comments regarding Theorem 1.2.
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2. Proof of Theorem 1.1
We first state the following useful result due to Mycielski. For details see [1, Theorem
5.10].
Lemma 2.1 (Mycielski’s lemma). Let Y be a perfect compact metric space and C be a
symmetric dense Gδ subset of Y × Y . Then there exists a dense subset K ⊂ Y which is a
union of countably many Cantor sets such that K ×K ⊂ C ∪∆Y .
Proof of Theorem 1.1. Denote by d the metric on X. Since (X,T ) is mean sensitive, there
exists δ > 0 such that for every x ∈ X and every ǫ > 0, there is y ∈ B(x, ǫ) with
lim sup
N→∞
1
N
N−1∑
k=0
d(T kx, T ky) > δ.
Let η = δ/2 > 0, and
Dη = {(x, y) ∈ X ×X : lim sup
N→∞
1
N
N−1∑
k=0
d(T kx, T ky) ≥ η}.
By noting that Dη can also be written as in the following form
Dη =
∞⋂
m=1
∞⋂
l=1
⋃
n≥l
{(x, y) ∈ X ×X :
1
n
n−1∑
i=0
d(T ix, T iy) > η −
1
m
},
we know that Dη is a Gδ subset of X × X. If Dη is not dense in X × X, then there exist
ǫ > 0 and x, z ∈ X such that for every y ∈ B(x, ǫ), we have
lim sup
N→∞
1
N
N−1∑
k=0
d(T ky, T kz) < η.
It follows that for every y ∈ B(x, ǫ), we have
lim sup
N→∞
1
N
N−1∑
k=0
d(T kx, T ky)
≤ lim sup
N→∞
1
N
N−1∑
k=0
(
d(T kx, T kz) + d(T ky, T kz)
)
≤ lim sup
N→∞
1
N
N−1∑
k=0
d(T kx, T kz) + lim sup
N→∞
1
N
N−1∑
k=0
d(T ky, T kz)
<η + η = δ.
This is a contradiction with the fact that (X,T ) is mean sensitive. So Dη is dense in X ×X.
Thus,
Dη is a dense Gδ subset of X ×X.(2.1)
Let
MP = {(x, y) ∈ X ×X : lim inf
N→∞
1
N
N−1∑
k=0
d(T kx, T ky) = 0}
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be the set of all mean proximal pairs of X ×X. Then
MP is a Gδ subset of X ×X(2.2)
since it is easy to check that
MP =
∞⋂
m=1
∞⋂
l=1
⋃
n≥l
{(x, y) ∈ X ×X :
1
n
n−1∑
i=0
d(T ix, T iy) <
1
m
}.
Take
MLYη =MP ∩Dη .
Clearly, MLYη ⊂ X ×X is the set of all mean Li-Yorke pairs with modulus η in X ×X.
By hypothesis there exist p ∈ X a periodic point of period t and q ∈ X a transitive point
such that the pair (p, q) ∈ X ×X is mean proximal. Let
Xj = {T nt+jq : n ≥ 0}
for 0 ≤ j ≤ t− 1.
Since (p, q) ∈ MP , there exists an increasing sequence of positive integers {Ni}
∞
i=1 with
Ni →∞ such that
lim
i→∞
1
Ni
Ni−1∑
k=0
d(T kp, T kq) = 0.
Hence for any fixed n ∈ N and 0 ≤ j ≤ t− 1 we have
lim
i→∞
1
Ni
Ni−1∑
k=0
d(T k+nt+jp, T k+nt+jq) = 0
which, together with the fact that T tp = p, implies that
lim
i→∞
1
Ni
Ni−1∑
k=0
d(T k+nt+jq, T k+jp) = 0.
Thus, for any n1, n2 ≥ 0 and 0 ≤ j ≤ t− 1, we have
lim
i→∞
1
Ni
Ni−1∑
k=0
d(T k+n1t+jq, T k+n2t+jq)
≤ lim
i→∞
1
Ni
Ni−1∑
k=0
d(T k+n1t+jq, T k+jp) + lim
i→∞
1
Ni
Ni−1∑
k=0
d(T k+n2t+jq, T k+jp)
=0
which implies that (T n1t+jq, T n2t+jq) ∈MP . Thus,
MP is dense in Xj ×Xj for each 0 ≤ j ≤ t− 1.(2.3)
Since it is clear that
X =
t−1⋃
j=0
Xj ,
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there exists some j such that Xj has non-empty interior, which is denoted by Aj . Put
A = Aj .
Since Aj × Aj is open (for both X ×X and Xj ×Xj), by (2.1) and (2.3), we know that Dη
and MP are dense in Aj × Aj , and hence are dense in A ×A. Thus, by (2.1) and (2.2), we
have that
MP ∩Dη ∩ (A×A) is a symmetric dense Gδ subset of A×A.(2.4)
From the definition of the mean sensitivity of (X,T ), we know that X is perfect. Then by
noting that Aj is open, we have that Aj is perfect, and hence A is perfect. Thus,
A is a perfect compact metric space.(2.5)
Now applying Mycielski’s lemma (Lemma 2.1) with (2.5) and (2.4), and by the definition
of MLYη, we obtain a dense subset K of A such that K is a union of countably many Cantor
sets and satisfies
K ×K ⊂MLYη ∪∆X .
This implies that (X,T ) is mean Li-Yorke chaotic and K ⊂ X is a mean Li-Yorke set with
modulus η. This completes the proof. 
Remark 2.1. According to the proof of Theorem 1.1, we know that if in addition, either
·(X,T ) is totally transitive, i.e., T n is transitive for each n ≥ 1, or
·the periodic point p is a fixed point, then (X,T ) is densely mean Li-Yorke chaotic; that is,
it admits a dense uncountable mean Li-Yorke subset (which is K in the proof).
An important class of topological dynamical systems are subshifts. Let A be a finite set.
For x ∈ AZ+ and i ∈ Z+ we use xi to denote the ith coordinate of x and σ : X → X to
denote the shift map (xi+j = (σ
ix)j for all x ∈ A
Z+ and j ∈ Z+). Using the product topology
of discrete spaces, we have that AZ+ is a compact metrizable space. The metric of this space
is equivalent to the metric
d(x, y) =
{
1/ inf {m+ 1 : xm 6= ym} if x 6= y
0 if x = y
.
A subset X ⊂ AZ+ is a subshift (or shift space) if it is closed and σ−invariant; in this case
(X,σ) is a TDS.
As it was noted in [19] and [12] mean sensitivity and (with similar arguments) mean
proximality can be expressed in terms of densities. In particular, if (X,σ) is a subshift,
x, y ∈ X, and
lim inf
n→∞
|{i ≤ n| xi 6= yi}|
n
= 0,
then x and y are mean proximal.
A finite string of symbols is a word. Given a word w the set Pow(w) is the set that contains
all the possible subwords of w. For example, if w = 011, Pow(w) = {0, 1, 01, 11, 011}.
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Example 2.1. There exists a mean sensitive subshift X ⊂ {0, 1}Z+ with a transitive point x ∈
X such that x and 0∞ are mean proximal (and thus this system contains a dense uncountable
mean Li-Yorke subset).
Proof. We will construct a sequence of words inductively with
w1 = 0.
Let Ak := Pow(wk−1) := {vi}
|Pow(wk−1)|
i=1 .
We define
wk := wk−10
nkv10
kv11
kv20
kv21
k...v|Pow(wk−1)|0
kv|Pow(wk−1)|1
k,
where nk ≥ |wk| (1− 1/k).
Let x = limk→∞wk and let X be the shift orbit closure of x.
The construction implies that for every finite word v appearing in x we have that v0∞ ∈ X
and v1∞ ∈ X. This means that (X,σ) is mean sensitive.
Using that nk ≥ |wk| (1− 1/k) and that every wk contains 0
nk we obtain that the density
of 0s in x is one. This implies that x and 0∞ are mean proximal. 
3. On Mean Proximal Sets
In this section we characterize mean proximal systems.
We remark here that as an application of (the corollary of) Theorem 1.2 we obtain that the
whole space X cannot become a mean Li-Yorke set for any nontrivial TDS (X,T ). However,
we also note that if we only want to observe that for any η > 0, X cannot be a mean Li-Yorke
set with modulus η, it will be much easier. In fact, if this holds then, on the one hand, for
every pair (x, y) ∈ X ×X of distinct points, we have
lim sup
n→∞
1
n
n−1∑
i=0
d(T ix, T iy) ≥ η;
on the other hand, according to [17, Theorem 2.1], we can find a pair (x, y) ∈ X × X of
distinct points such that d(T ix, T iy) < η/2 for all i ∈ N. This implies that
lim sup
n→∞
1
n
n−1∑
i=0
d(T ix, T iy) ≤ η/2 < η,
a contradiction.
Before we give the proof of Theorem 1.2, we provide another result which only concerns
the condition of mean proximality. We remind the reader that M(X,T ) represents the set of
all T -invariant Borel probability measures on X.
Theorem 3.1. Let (X,T ) be a TDS and A be a Borel subset of X such that every pair
(x, y) ∈ A×A is mean proximal. Then for every non-atomic measure µ ∈M(X,T ), we have
µ(A) = 0.
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Proof. Suppose µ ∈M(X,T ) is non-atomic and µ(A) > 0. Let
µ× µ =
∫
Ω
λωdξ(ω)
be the ergodic decomposition of µ × µ with respect to T × T . Since µ is non-atomic, which
implies that µ× µ(∆X) = 0, we have µ× µ(A×A \∆X) > 0. Hence there exists an ergodic
measure λω ∈M(X ×X,T × T ) with λω(A×A \∆X) > 0. By Birkhoff’s Pointwise Ergodic
Theorem, we can find a generic point (x0, y0) ∈ A×A \∆X of λω for T × T , i.e., there exists
a pair (x0, y0) ∈ A×A \∆X such that
1
N
N−1∑
i=0
δ(T×T )i(x0,y0) → λω
under the weak∗-topology as N → ∞. Here the probability measure δ(T×T )i(x0,y0) denotes
the point mass on (T × T )i(x0, y0) = (T
ix0, T
iy0) of X ×X.
On the one hand, since the pair (x0, y0) ∈ A×A \∆X is mean proximal, we have
lim inf
N→∞
1
N
N−1∑
i=0
d(T ix0, T
iy0) = 0.
Now since λω(X ×X \∆X) ≥ λω(A×A \∆X) > 0, there exists ǫ > 0 satisfying λω(Dǫ) > 0,
where Dǫ = {(x, y) ∈ X ×X : d(x, y) > ǫ}. By noting that Dǫ is open, it then follows that
lim inf
N→∞
1
N
N−1∑
i=0
d(T ix0, T
iy0) ≥ ǫ · lim inf
N→∞
1
N
N−1∑
i=0
δ(T ix0,T iy0)(Dǫ) ≥ ǫλω(Dǫ) > 0,
a contradiction. This proves the result. 
Proof of Theorem 1.2. (2)=⇒(1). Obvious.
(3)=⇒(2). Suppose that (2) does not hold, then we can find a pair (x1, y1) ∈ X ×X such
that (x1, y1) is not mean asymptotic. This implies that the orbit of (x1, y1) (in X×X) spends
outside some neighborhood U of the diagonal ∆X time which has positive lower density. Thus,
the pair (x1, y1) semi-generates (i.e., generates along a subsequence of averages) a measure
ν ∈M(X×X,T×T ) with ν(X×X \U) > 0. This means that the measure ν is not supported
by ∆X .
(1)=⇒(3). Suppose that (3) does not hold, then there is some λ ∈ M(X × X,T × T )
satisfying λ(∆X) < 1 which implies
λ(X ×X \∆X) > 0.
From now on, we begin to use the similar argument as in the proof of Theorem 3.1 to complete
our proof. We do this as follows.
Since λ(X × X \ ∆X) > 0 and λ ∈ M(X × X,T × T ), by the Ergodic Decomposition
Theorem, there exists an ergodic measure λω ∈M(X ×X,T × T ) with
λω(X ×X \∆X) > 0.
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It then follows from the Birkhoff Pointwise Ergodic Theorem that there exists a pair (x2, y2) ∈
X ×X \∆X such that
1
N
N−1∑
k=0
δ(T×T )k(x2,y2) → λω
as N →∞ under the weak∗-topology.
Since λω(X ×X \∆X) > 0, we can take some ǫ > 0 and put
Dǫ = {(x, y) ∈ X ×X : d(x, y) > ǫ}
such that λω(Dǫ) > 0.
Then, by noting that Dǫ is open, we have
lim inf
N→∞
1
N
N−1∑
k=0
d(T kx2, T
ky2) ≥ ǫ · lim inf
N→∞
1
N
N−1∑
k=0
δ(T kx2,T ky2)(Dǫ) ≥ ǫλω(Dǫ) > 0,
which is a contradiction with the assumption that every pair (x, y) ofX×X is mean proximal.
(3)=⇒(4).
Suppose that there exists µ ∈M(X,T ) such that the support contains at least two different
points, x0 and y0. This implies that the support of λ = µ × µ contains the point (x0, y0).
We conclude that λ(∆X) < 1. This implies that if (3) holds then every invariant measure is
supported on a fixed point. Nonetheless we already know (3) implies (X,T ) is proximal and
hence it only contains one fixed point [2]; thus (X,T ) is uniquely ergodic.
(4)=⇒(3).
Let x0 be the only fixed point, δx0 the unique invariant measure of (X,T ), and λ ∈
M(X×X,T ×T ). This implies that λ(x0×X) = δx0(x0) = 1 and analogously λ(X×x0) = 1;
thus λ(x0 × x0) = 1.
(4)=⇒(5).
In the previous step we showed that λ(x0 × x0) = 1. To conclude simply apply (4)=⇒(1)
for the system (X ×X,T × T ).
(5)=⇒(3).
Using (1)=⇒(4) for the system (X × X,T × T ) we conclude it has a unique fixed point
and a unique invariant (delta) measure. The fixed point must lie on the diagonal, so for the
unique invariant measure λ ∈M(X ×X,T × T ) we have that λ(∆X) = 1. 
References
[1] E. Akin, Lectures on Cantor and Mycielski sets for dynamical systems, Chapel Hill Ergodic Theory
Workshops, 21-79, Contemp. Math., 356, Amer. Math. Soc., Providence, RI, 2004.
[2] E. Akin and S. Kolyada, Li-Yorke sensitivity, Nonlinearity, 16 (2003), no. 4, 1421–1433.
[3] F. Blanchard, E. Glasner, S. Kolyada and A. Maass, On Li-Yorke pairs, J. Reine Angew. Math.,
547(2002), 51-68.
[4] F. Blanchard, W. Huang and L. Snoha, Topological size of scrambled sets, Colloq. Math., 110(2), 2008,
293-361.
[5] T. Downarowicz, Positive topological entropy implies chaos DC2, Proc. Amer. Math. Soc., 142(2014),
137-149.
[6] T. Downarowicz and E. Glasner, Isomorphic extensions and applications, arXiv:1502.06999, 2015.
MEAN PROXIMALITY AND MEAN LI-YORKE CHAOS 11
[7] T. Downarowicz and Y. Lacroix, Forward mean proximal pairs and zero entropy, Israel Journal of Math-
ematics, 191-2(2012), 945-957.
[8] T. Downarowicz and Y. Lacroix, Measure-theoretic chaos, Ergodic theory and dynamical systems,
34(2012), 110-131.
[9] T. Downarowicz and M. Stefankova, Embedding Toeplitz systems in triangular maps: The last but one
problem of the Sharkovsky classification program, Chaos, Solitons & Fractals, 45(2012), no.12, 1566-1572.
[10] Fryderyk Falniowski, Marcin Kulczycki, Dominik Kwietniak and Jian Li, Two results on entropy, chaos,
and independence in symbolic dynamics, arXiv:1502.03981, 2015.
[11] G. L. Forti, L. Paganoni and J. Smital, Dynamics of homeomorphisms on minimal sets generated by
triangular mappings, Bull. Austral. Math. Soc., 59(1999), no.1, 1-20.
[12] F. Garc´ıa-Ramos, Weak forms of topological and measure theoretical equicontinuity: realtionships with
discrete spectrum and sequence entropy, Ergodic theory and dynamical systems (to appear), 2015.
[13] F. Garc´ıa-Ramos, J. Li and R. Zhang, When is a system mean sensite?, in progress.
[14] W. Huang, J. Li and X. Ye, Stable sets and mean Li-Yorke chaos in positive entropy systems, J. Funct.
Anal., 266(2014), no.6, 3377-3394.
[15] W. Huang and X. Ye, Devaney’s chaos or 2-scattering implies Li-Yorke’s chaos, Topol. Appl., 117(2002),
no.3, 259-272.
[16] A. Iwanik, Independence and scrambled sets for chaotic mappings, The mathematical heritage of C. F.
Gauss, World Sci. Publ., River Edge, NJ, (1991), pp. 372-378
[17] J. L. King, A map with topological minimal self-joinings in the sense of del Junco, Ergod. Th. & Dynam.
Sys., 10(1990), no.4, 745-761.
[18] J. Li and S. Tu, On proximality with Banach density one, J. Math. Anal. Appl., 416(2014), no.1, 36-51.
[19] J. Li, S. Tu and X. Ye, Mean equicontinuity and mean sensitivity, Ergod. Th. & Dynam. Sys., 35 (08),
(2015),2587-2612.
[20] J. Li and X. Ye, Recent development of chaos theory in topological dynamics, Acta Mathematica Sinica,
English Series, 32(1), 2016, 83-114.
[21] P. Oprocha, Relations between distributional and Devaney chaos, chaos, 16(2006), 033112. [MR2265261].
[22] D. Ornstein and B. Weiss, Mean distality and tightness, Proc. Steklov Inst. Math., 244(2004), no.1,
295-302.
[23] B. Schweizer and J. Smital, Measures of chaos and a spectral decomposition of dynamical systems on the
interval, Transactions of the American Mathematical Society, 02(1994); 344(2).
Felipe Garcia-Ramos: Instituto de Fisica, Universidad Autonoma de San Luis Potosi Av.
Manuel Nava 6, SLP, 78290 Mexico
E-mail address: felipegra@yahoo.com
Lei Jin: Department of Mathematics, University of Science and Technology of China, Hefei,
Anhui, 230026, P.R.China & Institute of Mathematics, Polish Academy of Sciences, Warsaw,
00656, Poland
E-mail address: jinleim@mail.ustc.edu.cn
